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The class of spaces in the title (denoted by Haus(e-camp)) is introduced and it is compared 
with other classes of weak Hausdorff spaces. An explicit description of the Haus(e-comp)- 
epimorphisms is given by means of a variation of Arhangel’skii-Franklin’s compactly determined 
closure. It is shown that Haus(e-camp) is not co-well-powered. 







In 1975 Herrlich [8] produced the first example of a not co-well-powered epireflec- 
tive subcategory of the category Top of topological spaces, It was the epireflective 
hull of a proper class of strongly rigid Hausdorff spaces. Since then many natural 
examples were found: {Urysohn spaces} [12], {Spaces in which every compact 
subspace is Hausdorff} [6], {Spaces in which every continuous image of a compact 
Hausdorff space is Hausdorff} [2], {Arens’s &-spaces} [3,13], {Viglino’s S(n)- 
spaces} [ 51. 
Here we introduce a new epireflective subcategory of Top, Haus(e-camp), and we 
show that the regular operator [ 1, determined by Haus(e-camp) (cf. [3]) is the 
idempotent hull of the e-compactly determined closure cl,, which is a variation of 
the compactly determined closure defined by Arhangel’skii and Franklin in [l]. 
Then we construct, via a transfinite induction, a chain X,, (Y any ordinal, of pairwise 
not homeomorphic Haus(e-camp)-spaces such that for the inclusions fa : X,,+ X, 
we have cl,“(fa (X0)) = X,. Since a continuous map f: X + Y, X, YE Haus(e-camp), 
is a Haus(e-camp)-epimorphism iff [f(X)],= Y, then the previous construction 
shows that Haus(e-camp) is not co-well-powered. 
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1. 
The following notion of topological boundedness is due to Lambrinos [lo]. 
Definition 1.1. (a) A subset B of a topological space X is said to be bounded in X 
iff every open cover of X admits a finite subfamily covering B. 
(b) A topological space X is said to be e-compact iff it admits a bounded dense 
subset B. In this case we say that X is e-compact with respect to B. 
A topological space is e-compact with respect to B c X iff every ultrafilter on B 
converges in X The class of e-compact spaces will be denoted by e-camp. For 
general results on e-compact spaces see [7] (cf. also [14]). 
Proposition 1.2. For a topological space X the following conditions are equivalent: 
(i) every bounded subset of X is Hausdorff, 
(ii) every e-compact subspace of X is Hausdorx 
(iii) every continuous image in X of an e-compact space is Hausdorfi 
Proof. (i)d(ii) Let E c X be e-compact with respect to B c E. Suppose x, y E E 
cannot be separated. Thus they cannot be separated in B u {x, y} since B is dense 
in E. On the other hand the non-Hausdorff space B u {x, y} is bounded in X since 
B is bounded in X-a contradiction to (i). 
(ii)=+(iii) It follows from the fact that e-compactness is preserved by continuous 
maps. 
(iii)*(i) It follows from the fact that the topological closure in X of a bounded 
subset of X is an e-compact (sub)-space. •i 
Following [2] we denote by Haus(e-camp) the class of spaces satisfying one of 
the equivalent conditions in Proposition 1.2. 
Haus(e-camp) is a quotient-reflective subcategory of the category Top of topo- 
logical spaces (cf. [9, 1.9; 6, Lemma 3.11). 
Since every compact space is obviously e-compact, we have 
Haus(e-camp) c Haus(Comp) 
where Haus(Comp) is the class of spaces X in which every compact subspace is 
Hausdorff. The following example shows that the previous inclusion is proper. 
Example 1.3. Denote X0 = N x {0}, X, = N x {l}, X, = /3N\N, X = X,u X1 u X2. The 
topology on X is as follows. Fix some x0 in pN\N, i.e., x0 is a free ultrafilter on N. 
Then: 
(a) all points (n, 0), n E N, are isolated; 
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(b) the basic neighborhood of each point (n, 1) E X, is {(n, 1))~ {(k, 0): k E U}, 
where U runs through x0. Observe that for n f m, if F is a neighborhood of (n, 1) 
and G is a neighborhood of (m, l), then F n G # 0, in fact, {k E N: (k, 0) E F n G} E 
x0; 
(c) the basic neighborhood of a point x E X2 looks like this: choose sets L, U = N 
such that LE x, U E x0. The neighborhood of x determined by L, U is the set 
{x}u{(n,l): nEL}u{(n,O): rlELU U}. 
Let us verify that the space X has all the properties we need. 
X is I&. Indeed, let PE X. It suffices to show that if q #p, then there is a 
neighborhood V, of q such that p g V,. Suppose q E X2, p E X,. So p = (n, 1) for 
some n E N and q corresponds to some ultrafilter x on l+J. Choose L E x with n .@ L, 
U E x0 arbitrary. Then Vg = {q} u {(k, 1): k E L} u {(k, 0): k E L u U} does not contain 
p. If q E X2 and p E X0 or if q E X, and p E X0, the proof is quite similar and the 
remaining cases are trivial. 
The subset X,u X, is bounded and not Hausdor- Let (42 be an open cover of X. 
For each p E X2 there are some GP E 92 and sets UP, L, = N such that {p} u {(n, 1): 
n E L,} u {(n, 0): n E LP u UP} = G,. For each p E X2, p corresponds to an ultrafilter- 
denote it again by p-in pRJ\PY. Consider the following cover of PN: W = {{n}: 
n ~fV}u {{XE @J: LP E x}: PE X2}. By the compactness of pN, there is a finite 
subcover W. c W. This subcover contains {n,}, . . . , { nk) and {x E @J: LPI E x} u . . . u 
{x E pN: L,, E x}, where k, s are natural numbers. Now clearly G,, u. . . u GPr covers 
all but finitely many points of X,u X,. Thus X,u X, is bounded. But by the 
observation, this set is not Hausdorff. 
Each compact subspace of X is Hausdorfi We shall prove a bit more, namely: each 
compact subspace of X is finite. 
Let 2 c X be compact. Then 2 n X2 is finite, because each point p belonging to 
X2 has a neighborhood VP such that VP n X2 = {p}. Since each point q E Xou Xl 
has a neighborhood V, such that V, n X2 = 0, if 2 is compact, then 2 n X2 must 
be finite. Moreover, 2 n X, is finite too. Suppose not: {n EN: (n, 1) E 2) = A is 
infinite. Now choose an ultrafilter q E pN\N such that A E q, but for each p E Z n X2, 
p # q and q # x0. There is an infinite set B c A such that B E q and for each 
pEZnX,, N\BE~ and N\BEx~. 
Let % be the following cover of Z. For each point q E Z n X2, let V, be a basic 
neighborhood determined by N\B, N\B; for each (n, 1) E Z, let V(,,,) be the 
basic neighborhood determined by N\ B; and for each (n, 0) E Z, let VCn,Oj = {(n, 0)). 
It is obvious now that % = { V,: z E Z} cannot contain a finite subcover, a 
contradiction. 
It remains to show that Z n X0 is finite too. But this part of the proof is almost 
identical to showing that Z n X, is finite and we omit it. 
If one wants to have less trivial compact subsets in the space in question, replace 
each point (x, 0) by a compact Hausdorff space K, : the whole proof works again 
and the appropriate choice of K,‘s will guarantee the existence of an interesting 
compact Hausdorff subspace as one wishes. 
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2. 
For each topological space X and for each subset A4 of X set: 
cl,.c,nlp it4 = l_{M n K: K e-compact subspace of X}. 
We will write cl, for cl,.,,,P and cl,” for the a-iteration of cl,, (Y any ordinal. cl, is 
an extensive, monotone and additive operator, and it coincides with the operator 
U (A4 n K: K e-compact subspace of X}. 
Recall that for each topological space X and subset M of X the Haus(e-comp)- 
closure of M in X, denoted by [ I,, is defined as the intersection of all equalizers 
Eq(f; g : X + Y) such that Eq(J; g) 3 M and Y is a Haus(e-camp)-space. The Haus(e- 
camp)-closure is an idempotent (extensive and monotone) operator called the regular 
operator induced by Haus(e-camp) in [3]. Since e-camp trivially satisfies the condition 
* in [2, p. 4001, then Corollary 1.10 of [2] gives the following: 
Theorem 2.1. For Haus(e-camp)-spaces the Haus(e-camp)-closure is the idempotent 
hull of the cl,-closure. 
In particular the Haus(e-camp)-closure is a Kuratowski operator in every topological 
space (X, T) and the induced topology r, satisjies the condition (r,), = 7,. 
The usefulness of the Haus(e-camp)-closure is in the fact that a continuous map 
f: X + Y, X, YE Haus(e-camp), is a Haus(e-camp)-epimorphism (i.e., right can- 
cellable in Haus(e-camp)) iff it is Haus(e-camp)-dense, i.e. [f(X)], = Y. Thus, as a 
consequence of Theorem 2.1 we have the following: 
Corollary 2.2. A continuous map f: X -+ Y between Haus(e-camp)-spaces is a Haus(e- 
camp)-epimorphism ifi for each y E Y\f(X), there is an ordinal (Y such that y E 
cl,“f(X). 
Since Haus(e-camp) is a quotient-reflective subcategory of Top, it follows from 
Theorem 2.1 and from Theorem 2.2 in [6], that: 
Corollary 2.3. A topological space X belongs to Haus(e-camp) if the diagonal Ax is 
cl,-closed in X x X. 
The following example shows that the inclusion Haus(e-camp) c Haus(Comp) 
does not preserve epimorphisms. 
Example 2.4. Let X be the space whose underlying set is PN, and the basic 
neighborhood of any Ou E pN\N is defined by {“u} u U, U E %. 
So every point in X\N is isolated in X\N, and N is dense in X. X is obviously 
Hausdorff and e-compact with respect to D = N. Therefore cl,D = kJ {D n M: M c X 
is e-compact} = D n X = X. Thus, the inclusion map f: D + X is a Haus(e-comp)- 
epimorphism. 
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On the other hand, if K c X is compact, then K n D is finite, because otherwise 
K n (X\D) would contain an infinite closed discrete set K n D\D. Thus K itself 
is finite. So clkD = lJ {D n K: K c X is compact} = lJ {D n F: FE [ 01’“) = D. 
Thus it follows from Theorem 4.1 in [6] that the inclusion f: D+ X is not a 
Haus(Comp)-epimorphism. 
Notice that not all noncompact H-closed spaces can work as the above example. 
Consider the following variation on the Alexandroff duplicate: X = [0, l] x (0, l}, 
D = [0, l] x (0). All points in D are isolated, the basic neighborhood of (x, 1) is by 
definition {(x, 1)) u {(y, 0): y f x and Iy --xl < E} for E > 0. Here cl,D = clkD = X. 
It was proved in [4, Example 121, that there is a T1 non-Hausdorff space such 
that whenever Y is compact Hausdorff and f: Y + X x X is a continuous map, then 
f-‘(A) is closed in Y. In other words, the class of all compact Hausdorff spaces is 
not strong enough to distinguish Hausdorff spaces from non-Hausdorff ones by 
watching the diagonal. Nevertheless, this is not the case for e-compact spaces, 
namely: 
Theorem 2.5. Let X be an e-compact T, space. Then X is Hausdorff zx for each 
Hausdorfl e-compact space P and for each continuous onto map f: P + X x X, f-‘(A) 
is closed in P. 
Before giving the proof, we shall state a simple lemma: 
Lemma 2.6. Let 7 2 w be a cardinal, X, Y discrete infinite spaces, where 1 Y( G 7, and 
f:Y+X a map such that If-‘(x)1= f r or each x E X. Consider the tech-Stone 
extension pf: pY+ /?X. Then for each q E pX\X, there is a disjoint decomposition 
(Pf )-l(q) = U{ Y&q): a < 2’) such that, for each M c Y, if {x E X: IM n f -‘(x)1 = 
r} E q, then for every (Y < 2: &!lpy n Y(_) # 0. 
Proof. IfMc Ysatisfies{xEX:I~nf-1(x)~=~}Eq,thenII\;IPYn(~f)~‘(q)l=22‘, 
and there are only 2’ such M’s, henceforth a routine induction argument works-in 
fact, we may get In;ipy n Y( a, q)l = 22‘ for each (Y < 27 0 
Proof of Theorem 2.5. The implication from left to right is trivial. To show the 
converse, suppose the contrary: let X be a Tl e-compact space which is not Hausdorff. 
Our aim is to find an e-compact Hausdorff space P and a continuous map f: P+ 
XXX such that f -‘(A) is not closed in P. 
Since X is e-compact, there is some dense set E in X with the property that each 
ultrafilter on E converges in X. Since X is not Hausdorff, there are distinct points 
x, y E X which cannot be separated. Since neither x nor y is isolated in X, we may 
and shall assume that {x, y} n E = 0. 
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Denote 1X1= T and choose a discrete space D of cardinality 7. Consider the 
maximal H-closed extension P of D; i.e., the underlying set of P is PO, the basic 
neighborhood of a point p is either {p}, if p E 0, or {p} u U, if p is a free ultrafilter 
on D and lJ~p. 
Choose a partition {DC,,,: ( u, v) E E x E} of D such that ID,,,,I = T for each 
(u, V) E E x E. Define f: P + X x X as follows. For p E D,,,, , let f( p) = (u, v). Next, 
consider for a moment the set E x E with the discrete topology and denote 
g=pf:/?D+p(E x E). 
Let q be a free ultrafilter on a set E x E. According to Lemma 2.6 there is a 
decomposition {Pca,qj: (Y < 2’) of each set g-‘(q) having the properties from Lemma 
2.6. Since the set {z E X x X: q converges to z} is of size SIX x XI = 7, we may 
enumerate it as {z, . a < k(q)}, where k(q) is a suitable cardinal not greater than r. 
ForpEg-‘(q),definef(p)= z, ifO< a <k(q) and P E Pc,,,,,f(p) = z. ifp E Pc~,~) 
and either (Y = 0 or k(q) s a < 2: According to our definition, f is continuous, and, 
since E x E is dense in X XX, f is onto, too. The space P is obviously e-compact 
with respect to D and Hausdorff. It remains to show that f -‘(A) is not closed in I? 
By our assumption, the points x, y which cannot be separated, do not belong to 
the set E. Hence the family 
F ={{(u, u): u E Vn W}: V(W) is a neighborhood of x (y)} 
is a filter on E x E, which can be extended to a free ultrafilter q. By definition of 
the map f, there is some (Y <2’ such that for all p E PCa,qj, f(p) = (x, y). Choose 
p. E PCa,qj with the property that for each M E po, {(u, u) E E x E: JM n D,,,,I = T} E q. 
Now we have pogf -‘(A), but every neighborhood of pO meets f-‘(A), so 
poEf-‘(A). Hence f -‘(A) is not closed in P, which completes the proof. 0 
Corollary 2.7. For a topological space X the following conditions are equivalent: 
(i) for each e-compact Hausdorff space P and continuous map f: P+ X, f(P) is 
Hausdorfi 
(ii) for each e-compact Hausdorflspace P and continuous map f : P + X x Xf -‘( A ) 
is closed in P. 
The equivalence between (i) and (ii) in the case P is any compact space was 
shown in [ 111. On the other hand (ii) does not imply (i) in the case P is any compact 
Hausdorff space (cf. [4]). 
3. 
In [6], it was shown that the category Haus(Comp) is not co-well-powered. We 
were not able to decide whether the example given there works also in Haus(e-camp); 
therefore, we produced a new and a simpler one. 
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Theorem 3.1. There is a class X, (a E O,,) of pairwise nonhomeomorphic TI spaces 
such that every X, E Haus(e-camp) and there is a Haus(e-camp)-epimorphism from 
x, to x,. 
Proof. The construction goes via a transfinite induction in Ostaszewski’s style. Fix 
a partition (P,, : n E o} of w with each P, infinite. The underlying set of the space 
X, is w x (a + l), and if (Y < p, then X, is an open subspace of X,. 
Let X0 = {(n, 0): n E o} with the discrete topology. 
Let (Y be an ordinal and suppose that for each y < (Y, the space X, has been 
constructed. 
If (~=p+l, then every set {(n,(~)}uU{U(k,@): ~EP,\F} is declared to be a 
neighborhood of a point (n, a). F runs through all finite subsets of P,,, U(k, p) 
through a neighborhood system of (k, p). If (Y is a limit ordinal, then a basic 
neighborhood of (n, (Y) is every set of the form {(n, (-u)} u U{ U( n, /3): 6 <p < (Y}, 
where 6 < (Y is arbitrary and U( n, /I) is a neighborhood of (n, /3). 
Notice that X, is a T, space. Clearly no basic neighborhood of (n, a) contains 
(m, (Y) with m # n; so consider (j, 5) with 5 < (Y. Obviously, no basic neighborhood 
of (j, 5) contains (n, cr). On the other hand, the proper choice of F (of 6, respectively) 
coupled with the assumption that every X, (y < a) is T, enables one to find a 
neighborhood of (n, (Y) which misses (j, 5). 
Essentially the same argument shows also that in X,, every subset {(n, y): y G CY} 
is closed and homeomorphic to the ordinal space (Y + 1. Since for each ,f3 < (Y, the 
subspace {(n, p + 1)) u {(k, /I?): k E P,,} is homeomorphic to o + 1, we get immediately 
that X, is the result of a successive application of cl, operator to X0, since every 
ordinal space y+ 1 is compact, hence e-closed. Therefore X, is a Haus(e-camp) 
epimorphic image of X0. 
It remains to verify that X, E Haus(e-camp). To this end, suppose E =X, to be 
e-compact with respect to the set B. Let us say for a moment that a set MC X, 
diagonalizes, if there is an increasing sequence {j, : k E w} of integers and an 
increasing sequence {(Ye : k E o} of ordinals with {(j,, (Ye): k E w} c M. We claim 
that the set B does not diagonalize. Suppose not, and let {(j,, CQ): k E w} c B. Denote 
6=sup{oI,: kEw}. If HEW, y<S and (n, y)&{(jk, (Ye): kew}, then there is a 
neighborhood VCn,?) of (n, y) disjoint with {(j,, (Ye): k E w}. Indeed no basic neigh- 
borhood of (n, y) contains (j,, (Ye) with CQ > y and some neighborhood of (n, y) 
is disjoint with a finite set {(j,, Q): (YES y}. Next, for y 2 6 and n E w, using the 
inductive definition of the topology, we can always find a neighborhood of (n, y) 
disjoint with {(j,, CQ): k E w}. Therefore we conclude that the set {(jk, CQ): kE w} 
is closed discrete in X,, which is impossible, because B is bounded. The claim is 
proved. 
Consider the following two cases. 
(a) There is a finite set Fco such that Bc Fx(af1). Since Fx((~+l) is 
a compact Hausdorff subspace of X,, we have B=EcFx(a+l), hence E is 
Hausdorff and compact. 
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(b) There is a finite set K c (Y + 1 such that B c w x K. Notice that for every /3 E K, 
the set &={~Ew: Bn(P,x{P})#(d} is finite. Indeed, if one selects one point 
from every nonempty B n (P, x {p}), then the resulting choice set is closed discrete 
in X,, hence finite, because B is bounded. Since K is finite as well, we have that 
E is just a finite sum of copies of w + 1, hence E is Hausdorff and compact, too. 0 
In general, the set B does not diagonalize, therefore there are finite F c w and 
Gca+l withBc(F~(cu+l))u(wxG).Accordingto(a)and(b),Bisaunion 
of two compact Hausdorff subspaces with finite intersection, hence B is Hausdorff. 
We shall denote by He-camp the class of all e-compact Hausdorff spaces. So 
Haus(He-camp) will denote the class of spaces X such that every continuous image 
in X of an e-compact Hausdorff space is Hausdorff. Notice that the Alexandroff 
one-point compactification of the space of rational numbers belongs to Haus(He- 
camp) and not to Haus(e-camp). Furthermore the inclusion Haus(e-comp)c 
Haus(He-camp) preserves epimorphisms (cf. [2, Theorem 1.141). Thus, as a con- 
sequence of Theorem 3.1 we have: 
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